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Abstract. A geometric construction of Sullivan's Stiefel- Whitney homology classes 
of a real analytic variety X is given by means of the conormal cycle of an embedding 
of X in a smooth variety. We prove that the Stiefel- Whitney classes define additive 
natural transformations from certain constructible functions to homology. We also 
' show that, for a complex analytic variety, these classes are the mod 2 reductions of 

^ , the Chern-MacPherson classes. 

o 
o 

oo 

^ I We present a new definition of the Stiefel- Whitney homology classes of a pos- 

sibly singular real analytic variety X. The original definition, due to Sullivan [S], 
involves a triangulation of X; its geometric meaning is unclear. Our definition uses 
the conormal cycle of an embedding of X in a smooth variety. The conormal cycle 
of a subanalytic subset X of an analytic manifold M was defined by the first author 
[F4] using geometric measure theory. The conormal cycle is an integral current rep- 
resenting (up to sign) Kashiwara's characteristic cycle of the sheaf Dm^-x [F4, 4.7]. 
^ ■ Our construction of the Stiefel- Whitney classes is based on the fundamental obser- 
vation that the conormal cycle of a real analytic variety is antipodally symmetric 
mod 2. We use this observation to give a definition of Stiefel- Whitney classes which 
is parallel to the first author's definition of the Chern-Schwartz-MacPherson classes 
of a complex analytic variety [F5]. (This definition of Chern classes is related to ear- 
lier work of Brylinski-Dubson-Kashiwara [BDK] and Sabbah [Sa].) In fact we show 
that the Stiefel- Whitney homology classes of a complex analytic variety are the 
mod 2 reductions of the Chern classes. We prove that our Stiefel- Whitney classes 
satisfy axioms similar to the Deligne-Grothendieck axioms for Chern classes, and 
we prove a specialization formula for the Stiefel- Whitney classes of a family of vari- 
eties. We show that the Stiefel- Whitney classes of an affine real analytic variety X 
are represented by the polar cycles of X, introduced for simplicial spaces by Ban- 
choff [B] and McCrory [Mc] , and we give a new proof of the combinatorial formula 
for Stiefel- Whitney classes of manifolds. 

Our central result is a specialization formula for the conormal cycle (Theorem 
3.7). We use this formula to prove the basic results of Kashiwara and Schapira's 



1991 Mathematics Subject Classification. Primary 14P25, 57R20; Secondary 14P15, 49Q15. 
Key words and phrases. Stiefel- Whitney class, real analytic set, conormal cycle, integral current. 
Research supported in part by NSF grant DMS-9403887. First author also partially supported 
by NSF grant DMS-9404366. We thank Adam Parusihski for his encouragement and help. 



2 



FU AND MCCRORY 



calculus of subanalytically constructible functions [Sc], [KS, 9.7], as well as the 
pushforward and specialization formulas for Stiefel- Whitney classes. 

An advantage of using geometric measure theory to define Chern classes and 
Stiefel- Whitney classes is that explicit representative currents can be constructed. 
The geometric operations of slicing and limits of subanalytic currents correspond 
directly to intersection and specialization of homology classes. Integral currents 
have been used by Hardt and McCrory [HM] to define Steenrod operations, and by 
Harvey and Zweck [HZ] to define Stiefel- Whitney classes of vector bundles. 

1. Combinatorial Stiefel- Whitney classes 

In his 1935 thesis, Stiefel defined a characteristic class Wi(X) in the mod 2 
homology of X, for every smooth manifold X and each i > 0: Wi(X) is the homology 
class of the singular locus of a general set of i + 1 vector fields on X [St]. He 
conjectured that Wi{X) is represented by the sum of all the z-simplices in the 
barycentric subdivision of a triangulation of X [St, p. 342]. This conjecture was 
proved in 1939 by Whitney, who published a sketch of his proof [W]. Whitney also 
reinterpreted Stiefel's classes as characteristic cohomology classes of the tangent 
bundle of X. 

Cheeger's rediscovery and proof of the combinatorial formula for Stiefel- Whitney 
classes of manifolds in 1969 [Ch] led to Sullivan's definition of Stiefel- Whitney 
homology classes of real analytic varieties with arbitrary singularities. The following 
result is essentially due to Sullivan [S]; we update his result using subanalytic 
technology. (For a proof that every variety has a subanalytic triangulation, see 
[Hi2], [Ha5].) 

1.1 Theorem. Let X be a compact real analytic variety, let K be a subanalytic 
triangulation of X , and let K' be the barycentric subdivision of K . For each i > 0, 
let Si(K) G Ci(K';l 1 /2Z) be the sum of all the i-simplices of K' . 

(1) The chain Si(K) is a cycle mod 2. 

(2) The homology class Wi(X) = [si(K)] e Hi(X;I*/2Z) is independent of the 
triangulation K. 

(3) If f : X — > Y is a subanalytic map of real analytic varieties such that the 
Euler characteristic x(f~ 1 (y)) ^ odd for all y <EY, then f*(wi(X)) = Wi(Y). 

(4) // X is nonsingular of dimension d, then Wi(X) is Poincare dual to the 
(d — i)th Stiefel- Whitney cohomology class of the tangent bundle of X . 

Furthermore, Wi(X) is uniquely characterized by (3) and (4). 

Proof. Statement (1) of the theorem follows from the fact that X is a (mod 2) Euler 
space [A] . Several proofs are known that real analytic varieties are Euler spaces ( cf. 
[S], [BV], [Ha2]); a new proof is given in (4.4) below. Statements (2) and (3) follow 
from Sullivan's mapping cylinder argument [S] (cf. (4.12) below) and the uniqueness 
of subanalytic triangulations [SY]. A complete proof of statement (4) (for smooth 
triangulations) was first published by Halperin and Toledo [HT]. (The method 
of Cairns [C], applied to a real analytic submanifold of Euclidean space, gives a 
triangulation which is both subanalytic and smooth.) The uniqueness of Wi(X) 
follows from the representability of mod 2 homology by analytic manifolds (cf. 
(4.15) below): For every compact real analytic variety X there exists a subanalytic 
map / : V — > X such that V is a compact smooth analytic variety of the same 
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X [BH]. It follows that for every compact real analytic variety X there exists a 
subanalytic map <p : W — > X such that W is a finite disjoint union of compact 
smooth analytic varieties (of various dimensions) and x(</? _1 (A A )) is odd for all 
iGl D 

The chain Si(K) is the ith Stiefel chain of the triangulation K. The homology 
class Wi(X) is the ith Stiefel- Whitney homology class of the variety X. Clearly 
ewo(X) = x(X) (mod 2), where e : Hq(X;Z/2Z) — > Z/2Z is the augmentation 
homomorphism. Also, if X has pure dimension d, then = [X], the mod 2 

fundamental class of X. However, from the combinatorial viewpoint the significance 
of the classes Wi(X) for < i < d is not apparent. 



Let X be a compact subanalytic subset of the n-dimensional oriented real ana- 
lytic manifold M, and let / : M — > [0, oo) be a proper, locally Lipschitz subanalytic 
function with / _1 (0) = X. Let tt : T*M -> M be the projection, let S*M be the 
cotangent ray space of M, and let v : T*M — (0) — > 5'*M be the quotient map. 

2.1 Definition. The conormal cycle of X in M is the (n — 1) -dimensional closed 
Legendrian integral current N^(X) in S*M given by 



This definition is due to Fu [F3] [F4]. Here \df\ denotes the differential current 
of / [Fl]. The expression ([d/J, / o n, e) denotes the slice of the current [df] by the 
fiber over e of the function / o tt, and the limit is taken in the flat norm topology. 
Since a real-valued subanalytic function has isolated critical points, the support of 
([d/], / ° 71 > e ) is contained in T*M — (0) for e sufficiently small. Here we use the 
theory of slicing for subanalytic integral currents, as developed by Hardt [Ha3]. 

The current N^(X) is independent of the choice of function / defining X. This 
follows from a Morse-theoretic characterization of the local multiplicity of the conor- 
mal cycle, which we now describe. Suppose X C lR n is compact, and let N*(X) 
be the conormal cycle of X in R n . Let x G X, let £ : lR n — > R be a nonzero linear 
function, and let [£] e 5*lR n be the corresponding ray. For almost all such £, the 
multiplicity at (x, [^]) of the cycle N*(X) equals the local change near x of the 
Euler characteristic of the super- level sets of £\X. 

More precisely, let 



where B e (x) is the closed ball of radius e centered at x. We identify S*M. n with 
M. n x S™ -1 , and we let k be the pullback to 5'*lR n of the volume form on S n ~ 1 , 
normalized to have total volume 1. The following theorem is due to Fu [Fl, 4.1]. 

2.3 Theorem. Let X be a compact subanalytic subset o/lR n . The conormal cycle 
N*(X) is the unique compactly supported (n — 1)- dimensional closed Legendrian 
integral current T on S*M. n such that, for all smooth functions <p : S*M. n — > R, 



2. The conormal cycle 



iV^(X) = lim^([d/l,/o7r,e). 



(2.2) 



l x (x,[£\) = limlim ( X (Xn J B e (x)nr 1 [C(^)-^oo 



»l£J). 




□ 
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Equivalently, let p : S*R n — > S n 1 be the projection to the fiber. Then 

(T,p,e} = J2 L x(x,e)i(x,e)i 

xex 

For almost all 9 £ S 71-1 the function t x (-,9) is well-defined and takes nonzero 
values at only finitely many points. 

Remarks. (1) It follows from [GM, 3.11] that l x (x, [£]) = 1 - x(^ + ), where £+ is 
the upper half-link of X at the point x with respect to the function £. We use the 
super-level sets £ _1 [a, oo) rather than the sub-level sets oo, a] so that for a 

convex subset X of R n , the support of the conormal cycle comprises the outward 
normals of X rather than the inward normals. 

(2) For the closed subanalytic subset X of the oriented analytic manifold M, let 
CC(Rx) be Kashiwara's characteristic cycle of the sheaf Rx on M [KS, 9.4]. Let 
a : T*M — > T*M be the antipodal map (multiplication by -1 in the fiber). Now 

let N* M (X) be the conic Lagrangian cycle of T*M corresponding to the conormal 
cycle N* M (X). Then 

aS* M (X) = CC(R X ). 

For a proof of this result, see [F4, 4.7]. It follows from [KS, 9.4.4] (or from (3.12) 
below) that 

(-l) n N* M (X) = CC(D M R x ), 

where n = dimM and DmRx is the dual of the sheaf Rx- 

If X is a closed subanalytic subset of the analytic manifold M, by a stratification 
of X we mean a Whitney stratification with subanalytic strata [Hil] [Ha4]. If S is 
a stratification of X, then 

(2.4) sptN* M (X) C |J n*S, 

ses 

where n*S C S*M is the conormal ray bundle of the stratum S in M [F4, 4.6.6]. 

It will be convenient to extend the definition of the conormal cycle to all suban- 
alytic sets. If X is a subanalytic subset of the oriented real analytic manifold M, 
then X is locally closed in M, and the current N^(X) is uniquely determined by 
the following property. If U is a subanalytic open subset of M such that the closure 
U is compact and X n U is closed in U, then 

(2.5) N* M {X) l n^U = N^(X f]U) l tt" 1 ^, 

and iV^(X) l tt" 1 ^ = if X n 17 = 0. 

The following theorem of Fu [F4, 4.6] is of fundamental importance for applica- 
tions of the conormal cycle. 

2.6 Theorem. Let X be a closed stratified subanalytic subset of the oriented ana- 
lytic n-manifold M , with dim X < n. Let f : M — > R be an analytic function such 
that for every stratum S of X , is a regular value of f\S . Then 



AT* I V i -P — 1 / 
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where j : S* M x R — > S* M is the join map 

In fact, NIj(X fl oo,0]) is the unique Legendrian cycle T such that 

(i) sptTC7r- 1 (A:n/- 1 (-oo,0]), 

(ii) T L 7T- 1 (/- 1 (-oo,0)) = iVl,(Xn/- 1 (-oo,0)) ; and 

(iii) if f(x) = then [-df x ] <£ sptT. □ 

Note that by replacing / by — / we have 

n* m {x n /"Mo, 00)) = iv^ (x n /^(o, 00)) +k* {dN* M (x n r\o, 00)) x [0, 1]) , 

fc(£,*) = [(i 

We make extensive use of the following product formula for conormal cycles. Let 
iV^-(X) be the conic Lagrangian cycle of T*M corresponding to the conormal cycle 
Nm(X). Then for closed subanalytic sets X C M, X' C M', we have 

(2.7) iVMxM'(* x X') = N^X) x iV^,pO 

[F4, 4.5]. In terms of the conormal cycle in the ray space, this becomes 

(2.8) N* MxM ,(X x X') = N* M (X) *N* M ,(X f ) 

= U (N* M (X)x [0,1] xN* M ,(X')), 

where j([£],t, [r,]) = [t£ + (1 - t) V ] G S*(M x M'). 

The relation of the conormal cycle to the Euler characteristic is reflected in two 
basic properties. First, the conormal cycle is additive [F4, 4.2]: If X and Y are 
closed subanalytic subsets of the oriented analytic manifold M, then 

(2.9) N* M (X UY) = N* M (X) + N* M (Y) - N* M (X n Y). 

Second, the conormal cycle satisfies a Gauss-Bonnet property [F4, 1.5]: For X a 
compact subset of M as above, if M is Riemannian, with Chern-Gauss-Bonnet form 
O G /\ n (M) and transgression form II G A n_1 (S*M), then 

(2.10) A^(x)(n)+ / fi = x (4 

If M = M n , then the form k on £*M = W 1 x S™ -1 (2.3) is a (closed) transgression 
form. Thus if we choose 9 G 5' n_1 so that lR n x 9 is transverse to a stratification of 
sptiYj^(X), then 

(2.11) (N^(X)-lR n x9})(l)= X (X). 

Here we use the notation A ■ B to denote the intersection of the integral currents A 
and B, and the notation \Z\ to denote the /c-dimensional integral current associated 
to the oriented /c-manifold Z. 

As a consequence of (2.6) and the Gauss-Bonnet property (2.10) we have the 
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2.12 Proposition. Let X be a compact subanalytic subset of the oriented analytic 
n-manifold M , with dim X < n, and let f : M — > R be an analytic function. If 
dfx 7^ and [—df x ] spt N^X) for all x G / _1 [a, b], and if 

(1) iV*(X) L 7r- 1 (/- 1 (a))=0, 

then 

x{xn r\-oc, a]) = x {xr\ /^(-oo, 6]) . 

Proof. The hypothesis implies that the join map j of (2.6) is well-defined and 
smooth on spt N*(X) n tt" 1 (/^[M]). Let T = (AT* (X n /^(a, 6)) x [0,1]), 
an n-dimensional integral current. By (2.6), 

iV* (X n /-^-oo, 6]) - N* (X n rH-oo, a]) 

= iV* (X n /" ^a, 6)) + j* (d (N* (X n /- H-oo, 6)) - iV* (X n rH-oo, a))) x [0, 1]) 

= dr, 

since, by (1), (N*(X) l tt" 1 (/"H-oo, a))) = -5 (iV*(X) l tt" 1 (/^(a, oo))) . 
Therefore, 

x (x n r H-oo, 6]) - x (x n /"H-oo, a]) 

= (N* (X n /-'(-oo, 6]) - iV* (X n r H-oo, a])) (n) by (2.10) 

= <9T(n) 

= T(aTI) 

= T(7r*(n)) 

= 7T*T(fi) 

= 0, 

since dim spt < n. □ 

2.13 The mod 2 conormal cycle. Let X be a compact subanalytic subset of 
the real analytic n-manifold M. If we do not assume that M is oriented, the 
conormal cycle of X in M can be defined as an integral current modulo 2. It is the 
(n — 1) -dimensional closed Legendrian integral current mod 2 given by 

A^(X) = lim^([/],/o7r,e) 

as in (2.1), where [/] is the mod 2 differential current of a non-negative function 
/ which defines X , and the slice and limit are in the sense of subanalytic integral 
currents mod 2 (cf. [Hal], [Ha3]). 

Almost all the results of this section are true for the mod 2 conormal cycle; 
only the Gauss-Bonnet property (2.10) requires that the ambient manifold M is 
oriented. The proofs of the mod 2 results are parallel to the proofs in the oriented 
case. The main technical point is the mod 2 version of Fu's uniqueness theorem 
for Lagrangian cycles [Fl, 1.1], which is used to characterize the mod 2 differential 
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An alternate approach is to define the mod 2 conormal cycle in terms of local 
orientations of M. If {Ui} is a covering of M by oriented open sets, then J\f^(X) 
is uniquely characterized by the property that 

M* M {x) L tt" 1 ^ = {N^(x n Ui)} 2 

for all i, where {C}2 denotes the mod 2 reduction of the integral current C. Thus 
the local properties of Af* can be proved by reduction mod 2 of the corresponding 
properties of N*. 

3. Specialization 

As Parusihski has emphasized, the process of specialization is of basic importance 
in subanalytic homology theory. In this section we prove a specialization formula 
for the conormal cycle, and we apply it to derive those aspects of Kashiwara and 
Schapira's calculus of subanalytically constructible functions [Sc] [KS, 9.7] which 
are needed to state and prove the Deligne-Grothendieck axioms for Stiefel- Whitney 
classes. (In contrast, Kashiwara and Schapira define operations on constructible 
functions using standard operations of the derived category of sheaves.) We define 
the operations of Euler characteristic (integral), pushforward (direct image) and 
duality, and we prove the key relations between these operations. 

3.1 Definition. Let M be a real analytic manifold. The function a : M — > Z is 
(subanalytically) constructible if a _1 (n) is a subanalytic set for all n G Z, and the 
collection {ct: _1 (n)} ne z is locally finite. 

The set of constructible functions on M is a ring, with (a + (3)(p) = a(p) + (3(p) 
and (a ■ (3)(p) = a(p)(3(p). Every constructible function on M can be written as a 
locally finite sum 

(3.2) a = ^2ml Xi , 

i 

where ni G Z, each Xi is a closed subanalytic subset of M, and lx denotes the 
characteristic function of X. 

3.3 Definition. If a is a constructible function on M with compact support, the 
Euler characteristic x( a ) G Z is defined as follows. Write a as a finite sum (3.2) 
with each Xi compact. Then 

X(«) = ^riix{Xi). 



Kashiwara and Schapira use the suggestive notation x( a ) = Jm a - ^ v the trian- 
gulation theorem for subanalytic sets [Hi2] [Ha5] , the Euler characteristic is uniquely 
determined by two properties: 

(1) x(a + P) = x(«) + X(P) for all a, (3. 

( 0\ "\/( 1 -\r \ — 1 if Y ic cnKonQlirtipQlKr linmonmnrnliin \ ( \ q rOoGorl V\q11 
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3.4 Definition. If a is a constructible function on the oriented analytic manifold 
M, the conormal cycle N^ I (a) is defined as follows. Write a as a locally finite sum 
(3.2), and let 

N* M (a)=J2^N* M (X l ), 

i 

a closed Legendrian integral current in the cotangent ray space S*M. 

By (2.9) the conormal cycle Nl I {a) is well-defined. The Gauss-Bonnet theorem 
(2.10) yields 

(3.5) N* M (a)(U) = X (a) 

for a compactly supported constructible function a with dim spt a < dimM, where 
IT is a transgression form for M. 

3.6 Proposition. If M is an oriented analytic manifold, then is an isomor- 
phism from the group of constructible functions a on M such that spt a has codi- 
mension at least 2 to the group of subanalytic Legendrian cycles Z such that 7r(spt Z) 
has codimension at least 2. 

Proof. Suppose a, (3 are constructible functions with support of codimension at 
least 2, with iV^(a) = N^{j3) and dim(spta) > dim(spt/3). Let S be a sub- 
analytic Whitney stratification of M so that both a and f3 are constant on the 
strata of S. Let S be a /c-dimensional stratum of <S, where k = dim(spta). Then 
N^(a) l tt-^S) = mN* M {S) and N* M {I3) l ^{S) = nN^iS) for some m, n £ Z. 
Thus m = n, and we obtain a = f3 by induction on dim(spt a). 

On the other hand, suppose Z is subanalytic Legendrian cycle in S*M, put A = 
spt Z, and suppose that the codimension k of n(A) is at least 2. Let S be a stratifica- 
tion of A such that the restriction of tt to each S £ S is a submersion. The Legendre 
condition implies that each 5 C u*tv(S). Let V = {^(5") — Us'eS s'^s c ^ os 7r (^") I 
7t(S) has maximal dimension m — k}, where m = dimM; this is a collection of 
nonempty open subanalytic sub manifolds F of M, and each V £ V has a neigh- 
borhood U C M such that spt(Z l tt" 1 ^)) C z/*F. Since k > 2, each z/*F is 
connected, so the constancy theorem implies that Z l 7r _1 (£7) = n\/[z/*y] for some 
ny £ Z. Then 7r (spt [Z — ^nyN^ (V))) has codimension larger than k, and the 
assertion follows by induction. □ 

The central result of this section is the following specialization formula for the 
conormal cycle. The following notation will be useful. If g : M — > R, X C M, and 
s, t £ R, s < £, let X t = X n # -1 (t) and = ln g' 1 ^^]). For p, q e M, let 

/0p(?) denote the distance from p to q in an analytic metric on M. 

3.7 Theorem. Let a be a constructible function on the oriented analytic manifold 
M such that X = spt a is compact and has positive codimension. Let g : M — > K. 
6e a subanalytic function. For t £ R, pu£ at = a • lx t - -For eac/i p £ Xo, t/tere 

eo > snc/i t/iat if < e < €o then the limit 

<p a(p) = limx(at • ls e ( P )) 

exists, and this limit is independent of e. The resulting function </>oa is constructible, 
and 

NmUoo) = \im NLiat), 
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where the limit is in the flat norm topology. More precisely, for all sufficiently small 
h > there is an integral current Zh in S*M such that 

(a) dZ h = N* M (a h )-N* M ( ( j ) oa), 

(b) sptZ h C TT-^X^), 

(c) Zh — > in mass as h — > 0. 

Proof. For simplicity we let N*(a) = N^(a). Let S be a Whitney stratification 
of X such that a IS 1 is constant and g\S is smooth for all S G S. Let /io > be so 
small that for all S G S the restriction g\S has no critical values in (0, ho]. Put 

Z = (j* + fc„) ((iV» l (<7 o tt)- 1 ^, /i ]) x [0, 1]) , 

where j, k : «S*M x R — > 5*71/ are the join maps defined in (2.6). Then Z is a 
subanalytic integral current of dimension n = dimM, with 

(Z, gon,t) = (j* + fc„) ({N*(a),g o tt, £) x [0, 1]) 
= iV*K) 

for t G (0, /to], by (2.6) and the addition formula (2.9). In particular, 

\imN*(a t ) = N*(a ho )-dZ 

no 

exists, and by (3.6) equals N*(ijj) for some constructible function if;. To complete 
the proof we must show that ip = 4>o a 'i then the currents Z^ = Z l 7r _1 (7 _1 (0, /i], 
< h < ho, satisfy the stated relations. 

Let T be a stratification of X subordinate to S U {X }, such that T satisfies the 
(a g ) condition (cf. [Be, Prop. 10]). Then 

sptiV*(V>) C limsup (sptiV* («/>)) 

hlO 

C limsup [J n*(Sh) 

no SeS 

(1) C limsup |J n*(T h ) 

C |J n*T, 

TeT, TCX 

where the last inclusion follows from the (a g ) condition. Now write ip = $^71*1^, 
Hi 7^ 0, where the sum is locally finite, and Yi are compact and subanalytic, with 
Yi = Y°, Y° smooth and U; n *(^°) D sptiV*(V0, let p G Xq be fixed, and choose 
eo > so small that the following two conditions hold: 

(i) For all r G (0, eo), Yi fl B r (p) is homeomorphic to a cone. (Such eo exists by 
[Ha6].) 

(ii) There exists c > with \\d x (p p \T)\\ > c for all strata T G T, T C A" , and 
all points x G Tfl B eo {p), x ^ p. 

Then, for r < eo, 



ili(>n\ — \ n .1 fiVt — \ n . WV. Pi R f 
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and (1) implies that 

(3) \\d x (p p \T h )\\>c/2 

whenever h > is sufficiently small, T E T, and x E Th fl B r (p). 
We claim that, if r < eo, then 

(4) \imN*(a h .l Br{p) ) = N*^.l Br(p) ). 

For the restrictions of the two sides to the interior of B r (p) are equal by construction. 
On the other hand, (1), (3) and the join construction of (2.6) imply that 

clos |J spt N* (a h ■ l Br ( P )) H graph(-rfpp) \ 7r _1 (p) = 0, 
\h<h J 

and therefore 

spt ( limiV* (a h ■ l Br{p) ) ) n graph(-rfp p ) n tt" 1 ^^) = 0. 

Now (4) follows from the uniqueness part of (2.6). 

Therefore, if IT is a transgression form for M, we have by (2) and (2.10) that 

(f) a(p) = ljmx(a/i • 1 B r ( P )) 

= limN*(a h -l Br{p) )(U) 

= N*^.l Br(p) )(U) 

= i>(p), 

as desired. □ 

3.8 Definition. Let M and be analytic manifolds, and let / : X — > Y be a 
subanalytic map, where X C M and Y C N. Let a be a constructible function on 
M such that spt a C X , and suppose that /| spt a is proper. The pushforward f*a 
is the constructible function on N, with spt/^a C Y, given by 

(/*«)(?) =x(«- 1 /- 1 (<7))- 



The properties of pushforward may be derived from the specialization formula, 
applied to the mapping cylinder. Given subanalytic subsets X C IR m , Y C M n and 
a subanalytic map f : X —*Y, consider the mapping cylinder of /, 

C = {((l-t)x,t,f(x)) \xeX, 0<t<l} U {(0,1, y) \yEY}. 

This is a subanalytic subset of M m x R x ]R n of positive codimension. Let # : IR m x 
]RxIR n — > R be the projection to the middle factor, and let C* = Cfl(7 _1 (t). Suppose 
now that a is a constructible function on IR m with compact support contained in X. 
We let a be the constructible function on M m xRxI n given by a((l—t)x, £, f(x)) = 
a(x) for x E X, t E [0,1), and a equal to zero elsewhere. For t E [0,1), let 
at = 6l ■ lc't- For s E [0, 1], we define the right and left specializations of at as t — > s 
to be the constructible functions (j)fa given by (pfa(p) = limt^ s ± xi a t ' ls e (p)) f° r 
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3.9 Proposition. Let X C R m , Y C W 1 be subanalytic sets. Let f : X -> Y be a 

subanalytic map with mapping cylinder C , and let a be a constructible function on 
R m with compact support contained in X . Then 

(1) (f)£a = a, 

(2) (p~a = f*a. 

Furthermore, there is a subanalytic integral current W with spt W C tv~ 1 C and 

(3) dW = N* M (f*a)-N* M (a). 

Here we identify the constructible functions a and f*a with the corresponding func- 
tions on R m x {0} x {0} and {0} x {0} x R n respectively. 

Proof. First we establish the specialization formulas. 

We prove (2) first. Let 5 be a Whitney stratification of C and T an (a g ) 
stratification refining S U Ci, as in the proof of (3.7); let q G C\ = Y be a given 
point. Let eo > be so small that Hdj^pjT) || > Co > for x G T n B eo (q), x ^ q, 
Ci D T G T. Theorem 2.6 and the analogue of the relation (3.7) (1) imply that 

(4) [-d x p q ] i hmsup (spt AT (a t ■ ls eo ( ? ))) 

for x G S €o (q). Consider the modified distance function p{x,t,y) = p q (y); clearly 
p q = p on C\. Thus (4) and the (a g ) condition imply that, given ei G (0, eo), we 
have for all t sufficiently close to 1, 

[-d x p] <£ sptN* (a t ■ ls eo (q)) 

for x G p _1 [ei,eo], and, if ei is sufficiently small, Ct fl p _1 [0, eo] D Ct fl B CQ (q) D 
C t n p _1 [0, ei]. Therefore for such t (2.12) yields 

xipLt ■ 1 B eo ( q )) = X {at ■ lp-M0,ei]) 

= x(«-i / - 1(Bei(g)) ) 

= X (a •!/-!(,)) , 

since C t fl p _1 [0, ei] = f~ 1 (B ei (q)). The relation (2) now follows from the special- 
ization formula (3.7). 

To prove (1) we simply repeat the argument of the last paragraph with p replaced 
by the function p(x, t, y) = p p (x), where p G X, and we observe that Ctfl/9 _1 [0, ei] = 
X HB ei (p) for t close to 0. 

Now by [Hil, Lemma 4.8.3] and [Be, Lemma 15], given a subanalytic Whitney 
stratification X of X, there exists a subanalytic Whitney stratification T of the 
mapping cylinder C satisfying (a g ) and with the property that T|C[ ,i) = X x [0, 1). 
More precisely, C[ ,i) = {(x,t,y) GC|0<t<l}isa union of strata of T, and 
all the strata of C[ 0j i) are of the form H(S x {0}) or H(S x (0, 1)) for S G X and 
H : X x [0, 1) — > C[ 0j i) the homeomorphism H(x,i) = (x,t, f(x)). Thus for all 
T G T, the restriction gr|T has no critical values in (0, 1). 

Therefore, by the proof of (3.7), there exist integral currents Z + , Z~ in S'*(lR m x 
IxR") such that 

dZ+ = N*(ai) - N* {*+&), sptZ+ C tt- 1 ^,!]), 

azr = iv*(ai) - iv*(0r«), spt zr c n-\c [hl] ). 

Thus for W = Z+ - Z~, (3) follows from (1) and (2). □ 



12 



FU AND MCCRORY 



3.10 Proposition. Suppose f : X — > Y and g : Y — > Z are proper subanalytic 
maps. Then the pushforward operations under these maps satisfy the relation 

(1) (g ° f)* = 9* ° f*- 

If the constructible function a has compact support in X then 

(2) x(/*a)=x(a)- 



Proof. To prove (2), we imbed X, Y in R m , K n respectively, and then apply (3.9) (3) 
and the Gauss-Bonnet theorem (2.10). Using (2), we deduce (1) as follows. It 
suffices to prove that 

g*(f*a) = (go f)* a 

for X compact and a = lx- Let (3 = /*« and 7 = (g o /)*«. We will show that 
g*/3 = 7. Let z G Z, let X' = (g o /)" 1 (^), Y = g'^z), and let f : X' -> Y' be 
the restriction of /. Then, since /*(lx') = /3 • ly, 

7<» = X(lx') 

= x(/:(ix')) b y (2) 

= x(/3-ly) 
= W)(z), 

as desired. □ 

Remark. If / : M — > iV is a subanalytic map and /? is a constructible function on 
N, the pullback f*(3 is the constructible function on M defined by 

(f*P)(p)=P(f(p)). 

It is easy to see that (/ o g)* = g* o f* , but x(f*P) 1S n °t equal to %(/?), in general. 

3.11 Definition. Let a be a constructible function on the analytic manifold M. 
The dual of a is the constructible function Dmol on M defined by 

(D M a)(p) = x (a • = a(p) - x(« • 1 s e ( P )), 

where B°(p) is the open ball of radius e > about p in an analytic metric on M, 
and e is sufficiently small. 

To see that Dm®, does not depend on e or on the choice of metric, note that if 
a = Yli^'i^-Xi as in (3.2), then Dm® = Sj ^-DmIjq- If X is a closed subanalytic 
subset of M and p E X, then 

(D M l x )(p) = Xp (X), 

where Xp(X) is the local Euler characteristic of X at p, XpPO = Si rankifj(X, X\ 
{p}). Furthermore, x P (X) = 1 — %(L), where L is a subanalytic link of p in X (c/. 
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3.12 Theorem. If a is a constructible function on the oriented analytic n-manifold 
M, then 

(-l) n a*N* M (a)=N*(D M a). 

Proof. Embedding M in a Euclidean space, we may assume by the product formula 
(2.7) that M = R n and dimspt a < n - 2. Let N* = N^ n and D = D Rn . Using the 
isomorphism (3.6) between Legendrian cycles on S'*lR n and constructible functions 
on IR n , there is a linear operator A such that (—l) n a*N*(a) = N*(Aa); we must 
show that A = D. By the triangulation theorem for subanalytic sets it is enough 
to prove that A (1a) = D(1 a ) f° r every subanalytic simplex A C M n . 

Let k = dim A, and let / : B — > A be a subanalytic homeomorphism from a 
fc-baJl B to A. Then 

/*(!#) = 1a, /*(19b) = 1<9A, 

D(1 B ) = (-l) h (l B - l dB ), D(1 A ) = (-l) fc (l A - Ua), 
and therefore 

f*D(l B ) = D(l A ). 

Taking n large enough we may assume that B and A are embedded in IR n = 
]R m x R x f n " m_1 as the ends of the mapping cylinder C of /. Consider the 
constructible function 1 B = 1q — (lc + IcJ on C. Then by (3.9) 

(1) cf>+(T B ) = l B , 

(2) ^(Tb)=M1 b ) = 1 a . 
Now we claim that 

(3) A(T B ) t = D(T B ) t , 0<t<l. 
If < s < t < 1, then the map ip s , t : M n -> M n , 

•0 s ,t(^, «, y) = (f x, s + 1 - u, j^y), 

is an analytic isomorphism taking (l B )t to (1 B ) S . Let ^ Sjt : 5'*lR n — > 5 , *M n be the 
isomorphism induced by V's,*- Then 

iVM(l^) s = (-l) n a*iV*(±^) s 

= (-l)V(*-})*JV*(ll) ( 
= (*-})*(-l)»a*JV*(Q t 

= (*-!)*;vM(i5 t 

= iV*(V> M M(l5t, 

so by the isomorphism theorem (3.6), A(ls) s = (tf) Sy t)*A(l B ) t . Hence A(l B ) t = $t 
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yields 



N*A(l B ) = (-l) n a*N*(l B ) 



= (-l) n a*limN*(l B ) t by (1) 

= lim(-ira*N*(T B ) t 

= limN*A(T B ) t 
tio 

= N*(p), 

so (3 = A(1 B ) by (3.6). Thus A(T^) t = (A(l B )) t . JDn the other hand, A(1 B ) = 
D{1 B ) by a direct computation, and (D(l B )) t = D{1 B ) U which gives the claim (3). 
Therefore by (3.7) and (3.9), 

N*A(l A ) = N*Af*(l B ) 

= (-l) n a*N*f*(l B ) 

= (-ira*limAHl^) t by (2) 

fr\ 1 

= \im(-l) n a*N*(T B ) t 
tfi 

= UmN*A(T B ) t 
tfi 

= limN*D(T B ) t by (3) 

t \ 1 

= N*f*D(l B ) by (2) 
= N*D(1 A ), 

from which we conclude by (3.6) that A(1 A ) = D(1 A ). □ 

3.13 Corollary. Let a be a constructible function on the oriented analytic mani- 
fold M . Then 

(1) D M (D M a) = a. 

If a has compact support, then 

x(D M a) = x(a). 



Proof. By embedding M in a Euclidean space, we may assume that the support 
of a has codimension at least 2. Then (1) follows from (3.12) and (3.6), and (2) 
follows from (3.12) and (2.10). □ 

Remark. Corollary (3.13) has an elementary combinatorial proof, which uses the 
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3.14 Proposition. Let f : M — > N be a subanalytic map, and let a be a con- 
structible function on M such that f\ spta is proper. Then 

D N {f*a) = f*{D M a). 

Proof. As in the proof of (3.12), we may assume that M and N are embedded in 
W 1 as the ends of the mapping cylinder of /. We will show that D(f*a) = f*(Da), 
where D = D^n. Let N* = N^ n . Using the notation of (3.9), we have 

N*D(f*a) = (-l) n a*N*(f*a) by (3.12) 

= (-l) n a* limiV*(a t ) by (3.7) and (3.9) 

t\l 

= lim(-l) n a*iV*(at) 

tn 

= \im N*(Da t ) by (3.12) 

= N*(f*{Da)) by (3.7) and (3.9), 

which implies £>(/*«) = f*(Da) by (3.6). □ 

3.15 Mod 2 constructible functions. Let M be a real analytic manifold. The 
function a : M — > Z/2Z is (subanalytically) constructible if a _1 (0), and hence 
a _1 (l), are subanalytic sets. The properties of Z/2Z-valued constructible functions 
are parallel to the properties of Z-valued constructible functions. The mod 2 Euler 
characteristic and the mod 2 conormal cycle are defined as above: If a = J2i n i^-Xi 
is a locally finite sum with rii G Z/2Z and Xj closed subanalytic, then 

X(«) = ^2nix(Xi), 

i 
i 

Here x(Xi) denotes the mod 2 Euler characteristic of Xi, and M^{Xi) is the mod 
2 conormal cycle (2.13). Pushforward and duality of mod 2 constructible functions 
are defined as for Z-valued constructible functions, and all the results of this section 
are true for mod 2 constructible functions. In particular, the specialization theorem 
(3.7) and the mapping cylinder proposition (3.9) are true mod 2; their proofs use the 
local Gauss-Bonnet theorem. The Z/2Z versions of (3.10)-(3.14) can be deduced 
from the Z versions by embedding in Euclidean space and reduction mod 2. 

4. Geometric Stiefel- Whitney classes 

Sullivan [S] discovered a local topological property of real analytic varieties which 
implies that the combinatorial Stiefel chains (1.1) are cycles, and hence that the 
Stiefel- Whitney homology classes are defined. We show that Sullivan's local Euler 
characteristic condition for a subanalytic set X is equivalent to the antipodal sym- 
metry of the conormal cycle of X. This observation leads to a new definition of 
Stiefel- Whitney classes. In order to prove the Deligne-Grothendieck pushforward 
formula, we define the Stiefel- Whitney classes for certain constructible functions on 
an analytic manifold. 

tu„ -C„i !„„.;„„. J„.c„;-t; — :„ j c..n;,.„„ rol r A 1 
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4.1 Definition. A (mod 2) Euler space is a triangulable topological space X such 
that for all x G X the local Euler characteristic Xx(X) = J2 i rankH i (X, X \ {x}) 
is odd. 

If lk x (K) is the link of x in a triangulation K of X then a neighborhood of x 
in X is homeomorphic to the cone on \k x (K), so Xx{X) = 1 — x(lk x (iir)). Thus 
X is an Euler space if and only if x(^-x(K)) is even for every x G X and every 
triangulation K of X . A subanalytic set X is an Euler space if and only if, for every 
x G X, the subanalytic link of x in X (cf. [CK]) has even Euler characteristic. 

We generalize Sullivan's definition as follows. 

4.2 Definition. The mod 2 constructible function a on the analytic manifold M 
is an Euler function if 

Dmch = ex. 

By the definition of the duality operator Dm, the subanalytic subset X of the 
analytic manifold M is an Euler space if and only if the characteristic function lx 
is an Euler function. 

The following result is an immediate corollary of Theorem 3.12. Recall that 
a : S*M — > S*M is the antipodal map of the cotangent ray space of M, and 
M M {a) is the mod 2 conormal cycle of a. 

4.3 Theorem. The mod 2 constructible function a on M is an Euler function if 
and only if 

We will say that the mod 2 integral current C in the cotangent ray space S*M 
is symmetric if a*C = C. Thus a is Euler if and only if M M {a) is symmetric, and 
the subanalytic set X is an Euler space if and only if the conormal cycle of X is 
symmetric. 

Now we prove the following key result of Sullivan [S] . 

4.4 Theorem. Every real analytic set is an Euler space. 

Proof. Let X be a real analytic set, which we may assume to be an analytic variety 
in W n . Let Z C C n be a complexification of X. By [F5] the conormal cycle of Z in 
C n is invariant under multiplication by A for all complex numbers A of modulus 1; 
in particular a*N^ n {Z) — N^ n {Z). Therefore by (4.3) Z is an Euler space. Now if 
x G X and S is a small sphere about x in C n , then the complex conjugation map 
t : C n — > C n is an automorphism of the link Z H S with fixed-point set IflS. 
Therefore x(Z n S) = x(A" n E) (mod 2). Thus x(X n E) is even. □ 

The Stiefel- Whitney homology classes for a compactly supported subanalytic 
Euler functions are constructed using the projectivized conormal cycle. Let a be a 
mod 2 constructible function on the analytic n-manifold M. Let 7r : FT*M — > M 
be the projectivized cotangent bundle of M. The conormal cycle N M (a) is a closed 
(n — l)-dimensional Legendrian integral current in the cotangent ray space S*M. 
Let q : S*M -> PT*M be the quotient map. 

4.5 Definition. The projectivized conormal cycle of a is the mod 2 current 
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where U is a subanalytic subset of S*(M) with U n aU = and U U aU = S*M. 
By (4.3), for U as above, the conormal cycle satisfies 

a^(J\flj(a) l U) = a*A/" M (a) l aU = Nm{ol) l at/. 

Therefore, 

a*d(N* M (a) l £/) = da*(J^(a) l t/) 
= <9(A/"*(a) L at/) 
= (a) l t/) 

since d(Af^(a) l U + Af^a) l at/) = <W^(a) = 0, so 

<9PiV^(a) = q*d{N* M {a) l t/) = 0. 
Furthermore, Af^f(a) may be reconstructed from PiVj^a) as the fiber product 
A/^(a)=PA^(a)x B ([+l] + [-lJ), 

where £> is the bundle q : S*M — > PT*M; this property is sufficient to deter- 
mine PiV^a), and shows that it is well-defined, independent of the choice of the 
set U above. Furthermore, if sptct is contained in the subanalytic set X, then 
sptPiV^(a) C 7r _1 (X). Let \PN^(a)] be the mod 2 homology class of PiV^(a) 
in tt-^X). Let tv x ■ ^(X) -> X be the restriction of tt : PT*M -> M. We 
abbreviate PiV^(a) to FN* (a). 

Let Cm e # 1 (PT*M;Z/2Z) be the mod 2 Euler class (first Stiefel- Whitney 
class) of the tautological line bundle over PT*M, and let u/(M) e fP(M;Z/2Z), 
% = 0, . . . , n, be the Stiefel- Whitney classes of the tangent bundle of M. Consider 
the cohomology classes 

i 

in H k (FT*M; Z/2Z), fc > 0, where — denotes cup product. 

4.6 Definition. Let a be a subanalytic Euler function on the analytic manifold 
M, with compact support contained in the subanalytic set X . For each i > 0, the 
ith Stiefel- Whitney class of a in X is 

(^x),(«) = (7r x )*([PiV*(a)]^ 7 — - 1 ) 

in i7j(X;Z/2Z), where ^ denotes cap product. 

We will abbreviate (wx)i(ct) to Wi(a); the set X will be clear from context. This 
definition is parallel to Fu's definition of the Chern-MacPherson homology classes 
of a complex analytic variety [F5, 2.4]. 
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4.7 Proposition. Let a and f3 be constructible functions on M with compact sup- 
port contained in the subanalytic set X . Then, for all i > 0, 

Wi(a + (3) = Wi(a) + W0). 

Proof. We have 

Wi (a + (3) = (ttx)* ([FW> + (3)] - 7m 

= (n x )* {[FN*(a)+FN*((3)] ~ 7m*" 1 ) 

= (ttx)* ([PiV»] - 7m + for). {[VN*W)} ~ 7m" 1 " 1 ) 
= Wj(a) + □ 

Next we check that our definition agrees with the classical definition for mani- 
folds. If E is a vector bundle of rank r and Q is the Euler class of the tautological 
line bundle on Pi?, then we have the Wu-Hirsch relation [Hu, 16.2.6] 

(4.8) ^C r_i -^(£) = 0. 

i 

If the base B of E is a compact manifold and p : Pi? — > £? is the projection, (4.8) 
implies that for alH > 

(4.9) P*C r+i_1 = w*(E), 

where p* is the Gysin homomorphism (fiber integration), w° = 1 and 

^w fc - l (£) w = 

i 

for all fe > 0. 

In the following we let w. (a) = wo(a) +wi(a) + • • ■ G H*(X; Z/2Z) and w(E) = 
w°(E) +w 1 (E)^ G H*(B; Z/2Z) denote the total Stiefel- Whitney classes. 

4.10 Proposition. If the subanalytic set X in the analytic manifold M is a com- 
pact C 1 submanifold of dimension d, then Wi(lx) is the Poincare dual of the Stief el- 
Whitney cohomology class w d ~ l (X), i = 0, . . . , d. 

Proof. Since X is a C 1 submanifold of M, the projectivized conormal cycle of X 
is the mod 2 integral current given by the projectivized conormal bundle F(n*X). 
Now 



w.(1x) = (kx)*(\PN*(1x)]< 


ME Cm- 


^w(M))) 


= (tix)* ([PiV*(l x )] > 


~ s E Cm) ^ 


- W(M) 


= ([X]^w-(n*X))^ 


- w(M) 


by (4.9) 


= [X] — (w-(n*X) - 


- w{M)) 




= [X] — (w-(n*X) - 


< (w(n*X) 


-w(x))) 


= [X]^W(X), 







as claimed. □ 

Next we prove a special case of the fact that the Stiefel- Whitney classes of the 

— c. j-; — „ — v „ A — 4- „d.u„ ^„jj:„„ „f v 
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4.11 Lemma. Let M , M' be analytic manifolds, let <p : M — > M' be an ana- 
lytic embedding, and let a be a compactly supported Euler function on M . Then 
(p*w.(oi) = w.{(f{a)). 

Proof. Let n = dimM, n' = dimM'. Identifying M with ip(M), the product for- 
mula (2.9) implies that the projectivized conormal cycle FN^,(a) may be expressed 
as the join of ¥N^(a) with the projectivized normal bundle of M. More precisely, 
let P denote the blowup of FT*M'\ M over PT*M U P(n*M); i.e., 

(1) p = {([SM,W\M) \tAe = o = V A V '} 

C (PT*M'\ M ) x m PT*M x M P(n*M), 

where the blowdown map a : P — > FT*M'\ M is the projection onto the first factor. 
Then (2.9) implies that the blowup cycle N = (a~ 1 )„(PNl I ,(X)), a closed mod 2 
integral current on P, may be expressed as the iterated fiber product 

(2) N = (PN* M (a) x B pP"'-"" 1 ]) x 5 [P 1 ], 

where B is the pullback to PT*M of the p™'-™" 1 bundle P(n*M) -> M, and S is 
the P 1 bundle over PT*M Xj|P(n*M) given by the projection onto the second and 
third factors in (1). 

Next observe from (1) that the pullback via a of the tautological line bundle 
over FT*M'\m is the tautological bundle over S: 

(3) o-*O ft * m , 1m (1) = O s (1). 
On the other hand, as a bundle over PT*M x M P(n*M), 

S = P(0 PT * M (l)©0p(n*M)(l)), 

so if we put C = w 1 (O ft * M i\m( 1 ))i z = w 1 (O ft *m(1)), z = w 1 (<D F ( n * M) (l)) , then 
with (3) the fundamental relation (4.8) gives 

= (a*C) 2 + (a*C) • w\0 ¥T *m{1) © 0p(„.m)(1)) + w 2 (O ft *m(1) © Op ( „.M)(l)) 
(4) 

= (a*() 2 + (a*()(z + z) + zz 

by the Whitney sum formula. Multiplying (4) by successive powers of o*( and 
substituting for (o~*() 2 via (4), we find inductively, for each positive integer k, 



(5) (a*Q k+1 + (o-*() V z^ \+zz[ V fz* = 0. 





Let w. (a) be the Stiefel- Whitney class of a as a function on M, and let w/(a) be the 
Stiefel- Whitney class of a as a function on M' . We have the following computation 
of w/(a). (For simplicity we use • to denote both cup and cap products.) 

w.'(a) = tt* {[FN* M ,(a)] • (£C fc ) • w(T*M'\ M )) 
= ** ([N]-(U^C) k )-w(T*M'\ M )) 

= tt, {[N] ■ (a*C + zz) ■ (E **) • (E * j ) ' W{T*M'\ M )) by (5) 
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by (2), since a*£ pairs nontrivially with the fibers of S. Factoring the projection % 
through the projection fx of £>, 

w.'(a) =tt* {[FN* M (a)} ■ (E **) • W (T* M) • ^ (E^) -^(n*M)) . 

Now the identity (4.8) for the bundle E = n*M may be written 

(E^) -w{n*M) = 1, 

whence 

«;/(«) = tt* ([PiV^(X)] • g><) • «r(T*M)) = «;.(«), 

as desired. □ 

Now we prove the basic pushforward property for Stiefel- Whitney classes. 

4.12 Theorem. Let a be a mod 2 constructible function on the analytic manifold 
M, such that the support of a is compact and contained in the subanalytic set X. 
Let Y be a subanalytic subset of the analytic manifold N , and let f : X — > Y be a 
subanalytic map. Then, for all i > 0, 

f*Wi(a) = Wi(f*a). 

Proof. By (4.11) we may assume M = IR m and iV = IR m . Let C be the mapping 
cylinder of / (3.9). Let A : X — > C and \x : Y — > C be the inclusion maps 

X(x) = (x,0,/(x)), 
^(y) = (0,l,y). 

Then is a homotopy equivalence, with homotopy inverse v(x,t, y) = y, and A is 
homotopic to ji o /, by the homotopy /^(a;) = ((1 — £)x,£, f{x)). Therefore if we 
reduce the relation (3.9) (3) modulo 2, the definition of Stiefel- Whitney classes (4.6) 
gives 

fi>*w.(f* a ) = Kw.( a ) 

= fi*f*w.(ot), 

so w.(f* a) = f*w. (a). □ 

Remark. Our proof of the pushforward formula for Stiefel- Whitney homology classes 
is analogous to the original combinatorial proof sketched by Sullivan using the map- 
ping cylinder [S, p. 167]. 

We prove a specialization formula for the Stiefel- Whitney classes. 

4.13 Proposition. Let a be a mod 2 constructible function on the analytic mani- 
fold M such that X = spt a is compact and has positive codimension. Let g : M — > 
K be a subanalytic function. For t G R, put a t = a ■ lx t ■ Suppose that there exists 
e > such that at is Euler for all t G (0, e] andAf*(a) l ((7O7r) -1 (0, e] is symmetric. 
Then the specialization faa is Euler, and 

limit; (at) = w (daa) 



STIEFEL- WHITNEY CLASSES 



21 



in the following sense. For every neighborhood U of X , fort > sufficiently small, 
X t C U and 

jt*w.( a t) = jo*w.{(f>oOi), 
where j s : X s — > U is the inclusion map. 

Proof. Given U, choose h so that Xy Q ^ C U. Since Af*(a) i_ (g o 7r) _1 (0,e] is 
symmetric, the mod 2 current of (3.7) is antipodally symmetric, and hence it 
admits a projectivization FZh- Furthermore jV*(0o«) = N*(eth) — d-Z^ is antipo- 
dally symmetric, since is Euler. Let tvtj : 7r _1 (L r ) ^ U be the restriction of 
7T : PT*M -> M . Now 

jh*w.(a h ) - j *w.(<t>oa) = fa)* (([FN*(a h )} - \PN* (fact)]) - y) 

= (iru)*([dPZ h ]-y) 
= 0, 

as desired. □ 

Remark. A specialization formula for bivariant Stiefel- Whitney classes of piecewise- 
linear spaces has been proved by Fulton and MacPherson [FM] (cf. [E]), but under 
the assumption that the parameter map g is piecewise-linear. The specialization 
formula for Chern classes is due to Verdier [V]; other proofs of Verdier's formula 
have been given by Sabbah [Sa] and Fu [F2]. 

The parallel between our definition of Stiefel- Whitney classes and Fu's definition 
of Chern classes gives the following result. 

4.14 Theorem. Let a be a complex analytically constructible Z-valued function on 
the complex manifold M such that a has compact support contained in the complex 
analytic variety X . Let a be the mod 2 equivalence class of a. Then, for all i > 0, 

w 2 i{oi) = r(ci(a)), 
w 2 i+i(a) = 0, 

where r : H2i(X; Z) — > H2i(X;l 1 /2Z) denotes reduction mod 2. 

Proof. Let n be the complex dimension of M. Denote the real and complex pro- 
jectivizations of T*M by MPT*M and CPT*M respectively. Thus MPT*M is an 
]RP 1 -bundle H over CPT*M with projection \i. The pullback of the tautological 
line bundle (9c (1) over CFT*M may be written 

H*O c (l) = (9 K (1) © v^IOrCI) = Pr(1) © (9 K (1) 

as a real vector bundle, so if we put ( = c 1 ((9c(l)), z = to 1 ((9^(1)), then 

= w 2 (O r (1) © (9 K (1)) = z 2 (mod 2) 

by the Whitney sum formula. Let IRPiV*(a) denote the projectivized conormal 
cycle of a; it is a (2n — 1) -dimensional mod 2 integral current in IRPT*M. Let 
CPiV*(a) denote the complex projectivized conormal cycle of a in the sense of [F5]; 
it is a (2n — 2) -dimensional integral current in CFT*M. These conormal cycles 
satisfy 

toto A7"* I „\ — mm AT* t „\ ffTTD ttd 1 11 /™„J o\ 
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Therefore 

w (a) =tt, ([MPiV*(a)] • (£ **) -w(T*M)) 

= tt* ([CPiV» x n [MP 1 ]] • (1 + z) ■ // (£C J ) • c'(T*M)) (mod 2). 

The fibers of H pair nontrivially with z, so if we factor the projection n through [i 
then fiber integration gives 

w.(a) = tt* ([CPiV*(a)] • (EC) -c-(T*M)) (mod 2) 
= c(a). □ 

Finally we show that our definition (4.6) of Stiefel- Whitney classes satisfies the 
Deligne-Grothendieck axioms. 

If M is an analytic manifold, let E(M) be the group of Euler functions on M . 
For a E E(M), let sptct denote the support of a. If X is a subanalytic subset of 
the analytic manifold M, let 

F(X) = {a e E(M) | spta C X, spta compact }. 

If Y is a subanalytic subset of the analytic manifold N, and / : X — ■> Y - is a 
subanalytic map, then the pushforward /*« (3.8) is an Euler function by (3.14), 
and f*a has compact support contained in Y. Thus /* : F(X) — > -F(Y), and if 
(7 : y — > Z, then (g o f)* = g* o /* by (3.10). Thus F is a functor from subanalytic 
sets to abelian groups, which we call the Euler constructible function functor. 

For each integer i > let ffj be the functor from subanalytic sets to abelian 
groups given by Hi(X) = Hi(X;Z/2Z), the ith mod 2 homology group of X. If 
X is a compact rf-dimensional analytic manifold, let [X] e Hd(X;Z/2Z) be the 
fundamental class of X, and for each j > let (X) e H^X; Z/2Z) be the jth 
Stiefel- Whitney class of the tangent bundle of X. Now we state the fundamental 
existence and uniqueness theorem for Stiefel- Whitney homology classes. It is a 
generalization of Sullivan's theorem (1.1). 

4.15 Theorem. For each i > there exists a unique additive natural transforma- 
tion u>i from F to Hi such that if X is a compact analytic d-manifold then Wi(lx) 
is Poincare dual to w d ~ l (X). 

In other words, Wi is a function which assigns to each Euler function a with 
compact support contained in X an i-dimensional mod 2 homology class Wi(a) of 
X such that 

(1) Wi(a + (3) = Wi(a) + Wi{j3) for all a, (3, 

(2) f*Wi(a) = Wi(f*a) for all a and all / : X — > Y, 

(3) Wi(lx) = [X] ^ w d ~ l (X) for all compact analytic <i-manifolds X . 

These properties are analogous to the Deligne-Grothendieck axioms for Chern 
classes of complex analytic varieties [M]. Fulton and MacPherson [FM, Thm. 6A, 
p. 64] (corrected by Elhauoari [E]) have proved a bivariant version of (4.15), but 
only in the piecewise-linear category. 

Proof. To prove existence we define Wi as in (4.6). Additivity (1) was proved in 
(4.7), pushforward (2) was proved in (4.12), and the manifold property (3) was 

,.„J ;„ I A i n\ 
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Uniqueness follows from the representability of mod 2 homology by analytic 
manifolds, as in the proof of Sullivan's theorem (1.1). Let X C M, and let a be 
an Euler function on M such that spt a is compact and contained in X. Let k 
be the dimension of spt a. Let S be a subanalytic stratification of spt a. Since a 
is Euler, each (k — 1) -dimensional stratum of S is incident to an even number of 
fc-dimensional strata. Thus the union of the /c-dimensional strata of S is a mod 2 
subanalytic cycle Z (which represents Wk(ot)). 

We claim that there exists a compact analytic /c-manifold V and a subanalytic 
map / : V — > spt Z of odd degree. By the Thorn representability theorem [T, 
Thm. III. 2], applied to the fundamental class [Z] e iifc(spt Z; Z/2Z), there exists a 
compact C°° manifold F and a continuous map / : V — > spt Z such that /* [V] = 
\Z\. Since every compact C°° manifold has an analytic structure (cf. [H, Thm. 
4.7.1]), we can assume V is analytic. Finally we choose subanalytic triangulations 
of V and spt Z, and then use simplicial approximation to replace / by a simplicial 
(hence subanalytic) map homotopic to /. 

Therefore if (3 = a — f*(lv) then f3 is Euler and dim(spt 0) < k. It follows by 
induction on k that there exists a subanalytic map ip : W — > X such that W is a 
finite disjoint union of compact analytic manifolds and <p*(lw) = a. Thus tUi(a) is 
uniquely determined by properties (1), (2) and (3). □ 

5. Polar cycles 

Let X be a compact subanalytic Euler space in IR n , and let A be a linear subspace 
of M n . We say that A is general for X if the following condition holds. Let A* be 
the subspace of M n * corresponding to A under the isomorphism M n = MJ 1 * given by 
the Euclidean metric. Now ¥N*(X) C PT*(M n ) = R n x P(M n *), and A is general 
for X if there exists a subanalytic Whitney stratification S of spt PiV* (X) such that 
R n x F(A*) is transverse to the strata of S. For fe = 1, . . . , n the set of /c-planes A 
in M n such that A is general for X is an open dense subset of the Grassmannian of 
fc-planes in IR n . 

5.1 Definition. The polar cycle of the compact subanalytic Euler space X with 
respect to a plane A general for X, with 1 < dim A < dimX, is the closed mod 2 
current 

<t(X,A) =iv*(FN*(X) ■ (R n xF(A*))), 
where 7r : PT*lR n -> lR n is the projection. 

Here • denotes intersection of mod 2 currents. If dim A = i + 1, the homology 
class of the polar cycle a(X, A) is the Stiefel- Whitney class Wi(X). The support 
of cr(X, A) is contained in the set {i 6 I | 3( G A*, e sptiV*(A")}, the 

"singularity locus" of the orthogonal projection X — > A. 

In fact cr(X, A) is the generalization to subanalytic sets of the simplicial singu- 
larity cycle of Banchoff and McCrory [B] [Mc] . Let X C lR n be a simplicial Euler 
space; i.e., X is an Euler space together with the structure of a linear simplicial 
complex K in IR n : X = \K\. Let / : X — > IR l+1 be a map which is linear on each 
simplex of We say that / is nondegenerate if, for every vertex v of if, and 
for every set of distinct vertices vq, . . . , i^+i of the simplicial star of v, the affine 
span of the points f(vo), . . . , f(vi+i) is IR l+1 . The Euler singularity of / is the mod 
2 simplicial z-chain E(/) of if defined as follows (c/. [Mc, p. 373]). Let S be an 

„• „;™„1„,, „-C 7^ 1„J- T> U„ 4-U„ „£C U,. 1„ „f TCOi + 1 „„ „ A U,. -P / CA „„J 1 „J- 
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P + , P be the closures of the two components of IR l+1 \P. Let L be the simplicial 
link of S in K, and let L± = L n / _1 (P ± ). Then x(£ + ) = x(£~) (mod 2), and 
the coefficient of S in the chain £(/) is 1 — x(L + ) (mod 2). 

5.2 Proposition. Let X be a simplicial Euler space in W 1 , let A be a linear sub- 
space ofM. n , and let p : lR n — > A be the orthogonal projection. If p\X is nondegen- 
erate then A is general for X , and 

a(X,A) = E(p\X). 

Proof. Let A" C T(R n ) be the set of normal vectors of X; i.e., (x,u) & N if and 
only if (x,£ u ) G spt N*(X), where £ u (i>) = (u/\u\,v). The set A^ is a conical subset 
of T(IR n ); in other words, if (x,u) G A" and t > 0, then (x,tu) G N. The plane A 
is general for X if and only if there is a conical subanalytic Whitney stratification 
Q of N such that lR n x A is transverse to the strata of Q. 

Let X = \K\. We will show that there is a canonical conical stratification Q of 
A" associated to the triangulation K, and that lR n x A is transverse to the strata 
of Q \ip is nondegenerate. 

If S is a (closed) /c-simplex of AT, let S° be the interior of S in the affine k- 
plane spanned by S, and let S 1 - be the (n — k) -dimensional linear subspace of lR n 
orthogonal to S. Let J-'(S) be the conical stratification of S° x S 1 - defined as follows. 
Let T be the set of all (k + l)-simplices of K which have S as a face. For each 
T G T, T is a hyperplane of S . We let S(S) be the stratification of S 1 - induced 
by this collection of hyperplanes. More precisely, if v, w G S^-, let [v,w] be the line 
segment between v and w. Then v and w are in the same stratum of S(S) if for all 
T G T either [v, w] C T x or [u, w] n T x = 0. Let F(S) = {S° x E \ E e £(S)}. 

Let N' = Us(S° x 5 ,_L ), and consider the stratification T of A 7 "' given by T = 
Us^iS). Now A 7 "' C N, and it follows from the multiplicity formula (2.3) that A^ is 
a union of strata of T . We define the stratification Q of N by Q = {F G T \ F C A^}. 

Now p|AT : AT — > A is nondegenerate if and only if for all S G AT, the rank of 
p restricted to the affine span of S is min{dim5', dim A}. This is equivalent to 
the statement that A is transverse to 5 ,_L . Therefore if p\X is nondegenerate then 
]R n x A is transverse to the strata of J 7 , and so lR n x A is a fortiori transverse to 
the strata of Q. 

It follows from the definition of the polar cycle a(X, A) and the multiplicity 
formula (2.3) that the multiplicity of the cycle cr(AT, A) is constant on the interior 
of each i-simplex S of K. We proceed to give a formula for this multiplicity is- 

If T, U are simplices of K, we write T < U if T is a proper face of U. Given 
S G K, the following subcomplexes of K are associated to S: the boundary of 5 1 , 
dS = {T \ T < S}; the star of S, St(5) = {T | 3U, T <U > S}; the boundary 
of the star of S, dSt(S) = {T G St (5) \ T ^ S}; the link of S, Lk(S) = {T G 
9St(5') | ^t/", T > U < S}. For any subcomplex L of K, we let |L| denote the union 
of the simplices of L. 

Let S be an z-simplex of K. For notational simplicity assume that the origin 
is in the interior of S. Choose e > so that e < d(0, |9St(<S)|). Let B £ be the 
sphere of radius e in M. n centered at 0. Let u be a unit vector in the line S 1 - H A, 
and let ^(f) = (u,v). Choose 5 > so that 5 < e and 5 < |£(y)| for all y such that 
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product formula (2.9), 

L S = x{xnS ± nB £ n r 1 oo)) | h h Z + _ s s 
= x(C)-x(^ + ), 

where 

c = xnS ± nB e nc 1 [S, 6], 
e + = ins i nB £ nf 1 (5). 

Now 5'- L fl |St(<S)| is the cone from over the set S 1 - fl |5St(<S)|, which is homeo- 
morphic to L = |Lk(5')|. Thus C is a cone, since it is the intersection of the convex 
neighborhood S ± nB £ f] f _1 [-<5,<5) of and the cone S ,± n |St(5)|. So x(C) = 1, 
and 

, 5 = 1- X (£+). 

By radial projection £ + is homeomorphic to X fl S 1 fl <9I? e fl oo). By the 

choice of 5, 

xn5 1 naB { nr 1 [0,(5] = (xn5 1 n95 £ nf 1 (5))x[o,(5]. 

Therefore £ + = X fl S 1 fl <9I? e fl £ _1 [0, oo), which is homeomorphic by radial pro- 
jection to 5 X n |0St(£)| nf-^oo) |Lk(5)| n£ -1 [0>oo) = L+. Therefore 

6 S = 1-X(L+), 

which is the multiplicity of T,(p\X) along S. Thus o~(X,A) = ~E(p\X). □ 

Remark. The Banchoff-McCrory description of the Euler singularity cycle of a non- 
degenerate simplexwise-linear map can be generalized to stratified maps, and the 
preceeding proposition can be generalized to this context using stratified Morse 
theory [GM]. 

Note that if X C W 1 and / : X — ■> IR l+1 is a nondegenerate simplexwise-linear 
map, then £(/) = £(p|r), where p : IR n x W +1 — > IR i+1 is the projection and T is 
the graph of /. 

Following Banchoff and McCrory, if X = \K\ we define a map fi : X — > IR l+1 , 
nondegenerate and linear on the simplices of the barycentric subdivision K' , by 
setting 

/,(6A fc ) = (M 2 ,...,^ +1 ), 

where 6A fc is the barycenter of the /c-simplex A k . Recall that the ith Stiefel chain 
Si{K) is the sum of all the i-simplices in the barycentric subdivision of K. 

5.3 Proposition. £(/$) = Si{K). 

Proof. The proof given for manifolds in [B, p. 345] goes through for Euler spaces 
with only one change: The link of a simplex is not necessarily a sphere, but it has 
even Euler characteristic. □ 

This result was used by Banchoff and McCrory to prove that if X is a simplicial 
Euler space, then the Euler singularity cycle £(/) of a nondegenerate simplexwise- 
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Prior to their work the only definition of Stiefel- Whitney homology classes for sin- 
gular spaces was the combinatorial formula. Our geometric construction of Stiefel- 
Whitney homology classes and verification of the axioms, together with (5.2) and 
(5.3), gives a proof of the combinatorial formula for these classes. This proof is new 
even for manifolds. 

Remark. The present approach may also be applied to the smooth case, i. e. to em- 
bedded curvilinear (C 1 ) simplicial complexes. Just as in section 4, such a complex 
X in a manifold M is an Euler space (dropping the subanalyticity condition) if and 
only if its conormal cycle Af^(X) is antipodally symmetric. Therefore the Stiefel- 
Whitney classes Wi(X) may again be constructed by the formula (4.6). That these 
classes do not depend on the (piecewise smooth) embedding of X follows from the 
arguments of (3.7) (specialization), (4.11) (independence of analytic embedding), 
and (4.12) (pushforward). The key points which require clarification here are the 
mass bounds on the current Z in the specialization formula for the mapping cylin- 
der of a piecewise smooth homeomorphism, and the existence of the blowup N 
in the proof of (4.11). Both of these results follow from the hypothesis that the 
maps in question are diffeomorphisms piecewise, and therefore all slicing procedures 
are uniformly transverse to some compatible triangulation. In particular, the ex- 
pression for the Stiefel- Whitney classes in terms of polar cycles yields the classical 
combinatorial formula for the Stiefel- Whitney classes of a C 1 triangulated manifold 
[HT]. 
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